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The general m,E::JJ\ between this system of stress lines and those

obtained experimentally by Prof, Hele-Shaw, for the stream line motion
of a perfect fluid flowing round an obstacle of circular saction. may af-

ford the hope that the two systems are identical ; but, unfortunately,

this does not appear to be the case.
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THE DISTRIBUTION OF STRESS IN PLATES
HAVING DISCONTINUITIES, AND SOME
PROBLEMS CONNECTED WITH IT.

Many investigations as to the distribution of stress in plates having
discontinuities have been made by various naval architects, and their at-
tention was again called to the matter by the Professor Coker, who read
a paper on a related subject before the spring meeting of the Institution
of Naval Architects.

So far as T am aware, the subject in question has hitherto been treated
experimentally only, and it seems that nobody has ever solved it mathe-
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matically. Therefore it naturally follws that, in spite of the many
exhaustive experiments made, the comparative accuracy, and even the

validity of the experimental methods themselves, is still Subjudice.

The present paper is intended to show analytically how stress is dis-
tributed in plates pierced with a circular hole, and at the same time to

consider briefly the valicity of the experimental method, in so far as it
may be judged from the results obtained analytically,

1. MATHEMATICAL SOLUTION.

The present investigation is limited to the case of a tension strap with
a rivet-hole—7 ¢., of an elastic plate pierced with a circular hole subjected
to uniform paralled normal cdge tractions in the plane of the plate,

In the equations in tliis paper the following notation is used i—

Tiwo Dimensional Polay Co-Ordinates.

P = the radial normal stress-—z.¢ , the stress component, in the direc-
tion of the radius, across the circumferential area.

Q =the transversal normal stress—7 ¢, the stress component across
the radial arca in the direction of the tangent to a circle,

R =the shearing stress along the radial or transversal plane.

# and v=the radial and transversal displacements of a point respec-

tively.
du ' )
Lot ~=the radial strain.
ar
e a@ ) :
I= ot =the transversal strain.
do  1de v ¢ i ;
G T e i the shearing strain along the radial and
transverse directions.
1 (d du | 4 p
L (re) — 20 wﬂﬁrm rotation.
mp— B - TR rrT—

.

. =Young's modulus.

d ) v ,
20 =the dilatation.

a

7 (r)+
¢ = Poisson's ratio.
1 =The rigidity,

A =

Now let a rectangular thin clastic plate (thickness 2¢) pierced with a
circular hole (2a in diameter) in its centre be subjected to edge tractions
(T per Unit arca) in its plane, normal to the sides A D and B C, and let
the size of the plate be supposed to be taken as very large compared, with
the diameter of the hole (Fig. 1) i

Then this is a problem of plane stress, and not of plane strain, so that
the plate will not only be strained in its plane, but also in the direction o1
the normal to the plane.

By applving the method of *“ generalised plane stress.”™ such a problem
can be solved, as if it were one of plane strain, provided that the elastic
constant A is replaced by a new constant A, and ordinary stress and
strain are replaced by ' mean stress and strain”’ Thus the equatations in

this case are :—

1 d () + 1 dRQ e
r dr d 70 v . ; o]
Stress equations of equilibrium.
7 40 St juat f lib
e . 1
e RS R e =0
R i
I
P=Nd+ 20
“dr
% lu ;
Q=N +2p)d—2p .M&_\. Stress-strain equations
/72,
R=—2uw+ 2u’
| d e

#  Love's ¢ Mathematical Theory of Elasticity ' (Second Edition), pages 135 and 205.
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dr d ’ 3 _ du ¢ dn
Displacement equation of equilibrium, e —dz, &c.

4+ n..b 1 d4 g dw = dr  2td _sdr
e oy Now imagine a circle concentric with the hole (Fig. 1.). If the diameter
in which _ (27) of this circle is very large as compared with that (2a) of the hole,
s YA Hul[m! ¢ P B | the displacement of points in the circumference of the supposed circle will

A+ 2p 7R I i __ not be influenced by the presence of the hole. Therefore

bhm.ﬂh__.m_..\ﬂ.bz av. .m,ﬂrh.ww_mh _...z_ THE
TRANSVERSE SECTION THROUGH
THE CENTRE OF HOLE.

Fig.
|
\ |

onagrtadinal Stress 1]

"~

cportion o Stress.
3

Transverse Strass T

\.ll.rt.l;
h Aci). ...r.l.Ir e T j..!.l..-..llil.ll!l
; : G H ¥
BCD .m ,w i G g
/ Transverse Sectiorn.
S .m.gxa Stress obtained by colculalion.
(2391.8)  mumm s i found . experiment
|
TaprLe, I
Marked Points Thnstanee from Longitudi al Transverse Tongitudinal _ Transverse Siress Proportional Theoretical - T1 1T : 4
e Fio, I “entre Teod . . Stress | Logitedinal Transverse Lomgitudinal Sprehcs Transverse
(see Fig.) _ Centre. Strain (¢). Stram (). Detf )+ _ =Ale+f)+2uf Selcas, mm_ﬂﬂmmﬂm.ﬁ HNWM.“.,_.M.._.:A Stresses,
| R e R R i b per st :..I,_ Ih. per sq. in. g T A AT, N

.& 0.375 0.307 —0.127 76,2 o.52 2.93 0.020 3.00 [s)

i | 0.437 0,206 —0.075% 52.4 | 342 2.02 0.132 2.20 0,284

C | 0,500 0.169 —t.05 I 44.2 [ 5.07 1.70 0.230 .75 0.375

D 0.563 0.150 0.041 39:9 | 658 .54 0.253 L.52 0.369

E o.750 0.108 —0.033 28.3 | 3.60 1.09 0.142 1.22 0,282

u., 1,000 0.102 —0.036 26.1 2.03 1.00 0,078 | I.10 0.181 :

G 1500 o.102 —0.037 26.0 L5 1.00(taken as Unit) 0.060 | 1.04 0.089

H n.cm.a 0.102 —0.033 26,5 2.83 1.02 | o.100 1.03 0.051

1 2.750 0.102 —0.031 26.7 | 353 Loz * | 0.136 1.0 0.029

_ m “ _
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ik d dv I 2 SR
=1 -T+Qw cos20+3 - (1—a)p’ DH%M MH[ e Tl o)
el ; Gl m ) < r Ldr feted E ftig) Nt zp 7°
: AT TR D TG - i s W (3)
o= mm - .A.‘H 1 oduuxﬂ sin 26 2w .]|w 4 Am‘_w‘v ey &..w N _~ sin 28
E" . r Lar a9 o
provided #* is sufficiently large as compared with a. These equations and the boundary conditions (1) and (2) suggest that
From these equations we have ;
Lﬂ-uh.,...?fﬁv A i Sae el e g Vage o cei 384D
1D wEE @ e A san :wv d“&mﬁvwmb 2f
2w=0

which hold at points remote from the pierced hole.
Moreover, as there is no surface force applied on the periphery of the
hole. :
du
7
B ‘
,

=

Hﬂ.ﬂh”.y‘ukﬂkauf N__R )

uNIi!

r=u

=2, T+ 2

The equations (1), (14), and (2) are boundary conditions, which must |

be satisfied by the equations of stresses and strains to be found.

It is well known that both 4 and @ are harmonic functions which are
connected by the displacement equation of equilibrium.

By the nature of the problem, in that it treats of the space outside a hole
and from the form of the boundary conditions (i) and (1a), and also
from the form of the displacement equation of equilibrium, we are led to
assume that .

where f"and @ are functions of # only, and %, and £, are constants. g
Substituting these in equations (3), and remembering that the resulting
equations hold for all values of €, we obtain
FHWMAHli, or HM hm:.”|
il 4 p(3h+2p)
and a pair of simultaneous differential equation :—

&\ A dg 1
4 +2p=—— Gty 42f=—""
7 w. g At 2p “\ﬂ ar i h ¥

(5)

maw LY

mo_i:m these simultaneous differential equations, and applying the re-

sulting integrals and also the value of £, (5) to the assumed equations of

displacement (4), we have

m: bred Ly F[anom s RUTCIIC
JT ¥ A<H #

3

o

7 = A\m%.+ & 24 ]vnE 20,

?ﬁ.nhw #?

in which #; and £, are integrating constants. Comparing these with the

2 B ; I I
d=_—(1—0) + ——— A _cos 26. - e H -
5 ( ) e P boundary conditions given in (1), we have
Then \F “lWHAH +a.v_ or ".ljh_wl
I o4 E 44
20 =~ A-"_sin 26 =t : : o ituti i
o | Again, with boundary conditions (2), and -on substituting ordinary
Thus | elastic constants in place of A%, we obtain :—
TR 5 Lk e M A
e B 41
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3 44 ;
A AT p)
A 2p
‘ at
=T,

Thus we can find all the constants involved in the equations for 2 and
o
From the values of # and o thus found we can easily deduce the value

of the required component strains :—

¢ HA 2y .+.uav Tocos ol k2 T o
4 (htopp g 4 p(3n+2p) NE -
A a’ A+ 2
S= A AT W IVHOOmm%+||
4 (3n+2p)pr  4p # 4 p(3n+2p) n:h » m@
o= A1..—|!|.|H h» P T V_HJ m..:. N%
2 g oy ;

Substituting these in the stress-strain equation, we obtain the required

component stresses as follows :—

e & .Am _“ v £ i .AH —4 aM+ whu.vﬁouw 28
2 73 2 7 7t

Q HHAH s awvihmm Im.law_»vOOm 20 (7)
2 7 2 *

Bi= ]A —3- Um_s 20

As might be anticipated, the radial normal strese (P) and the shearing
stress (R) have not much imporfance.

The important one is the transversal normal stress (Q); and its maxi-

BE41]

mum value is

- Q=3T at the points » =q, g=" ¢
2 2

mul

Thus, on the periphery of the hole where it is cut by the central trans-
verse section, there occurs a tensile stress, the intensity of which is three
times that of the mean tensile stress.

The distribution of the stress on the transverse sectisn through the
centre of hole is given by the relation

-, hw&
s
hwu

3 .HA-R.[ |v
gl TR Faad

The distribution of stress worked out rom these equation is
the diagram (Iig.

Longitudinal stress Q= IA
2 e

Transverse stress P

shown in

N‘H in which T is taken as unity, and the diameter of |

the hole as £ in.

The diagram shows that the longitudinal stress tends very rapidly to its
nean value ; even where #=1%in;—zie, at the point at a distance of
the diameter — the stresses is about 1.0372 the mean. Therefore,
the assumption made above, that the plate is of an infinite extension, is
not absolutely necessary, and consequently the equations found are ap-
plicable without significant error even in case of rivet-holes closely
pitched.

twice
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o

EXPERIMENTAL DETERMINATION WITH AN INDIA-Runser MoDEL.

For the purpose of verification the author made an experimental deter-
mination by means of an india-rubber model.

In making such an experiment it must not be assumed that homogene-
ous materials would be strained in the same way when subjected to the
same kind of forces (such an assumption is often made erroneously). As

e .
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pointed out by Sir Gabriel Stokes, * and also by Mr. Kichell,  that
physical quantity, the similarity of which holds with two different materi-
als, is stress, and not strain. This may be seen at once from the fact
that in the equations (7) no elastic constants occur, which they are con-
tained in the equations (6). :
In view of this, the author mad: the follwing three operations : —
(2) Found the elastic constants of the india-rubber used as the
model.
(4) Measured the longitudinal and transverse strains from the pho-
tographs of the model in the loaded and unloaded states.
(¢) Calculated the stress by the stress-strain equation.

The dimensions of the india-rubber model used were as follow :

R ey ettt | R = STTEAR R
Breadth vee—vn—swv—is | s —on 5,085 in.
TEhtelehiegs, Sisle Sl S5 RS e 0,154 in.
Diameter of hole ... ... ... ... ..o751in=%in.
Load appliedal we w8 on wa 20.1 b,

The measurements taken along the tronsverse section through the
centre of the hole, and the results of the calculation, are shown in Table
I

They are, moreover, shown graphically in Fig. 2.

, For the sake of comparison the theoretical values are also given.
The india-rubber used in the author’s experiment, as might be antici-
pated with this kind of material, had not perfect elastic propertics, the
stress-strain re'ation being ; ?
stress —3.6 Ib. per mﬁh

: strain. ;

218 lb. per sq. in. =

and Poisson’s ratio ranged from 0.466 to 0.357, for “the stresses from 677
‘Ib. per square inch to 109.8 lb. per square inch. Therefore, neglecting
the small deviation in Young’s modulus and taking the mean of Poisson’s
ratios, the author assumed the values of A and 2y as shown at the top of

the table. It will be observed in the table that the transverse strains are
n gative, whereas the corresponding stress is tensile. This fact shows
that if strains in one direction only were compared, ths
reached would be very erronecous. _

conclusions

3. LINES oF DISPLACEMENT, LINES OF PRINCIPAL STRESS,
AND STREAM-LINES,

The false assumption that the stress-lines in a strip subjected to end
tractions would be similar to the stream - lines of a fluid obtained with a
similarly shaped specimen fed at the ends has been made by some ex-
periments.

In the course of a controversy in ENGINEERING last year, this assumpt-
ion was disproved, and it was pointed out that, in order that the direction
of stream - lines may coincide with that of stresS-lines, another rclation is
neces:ary between the displacements—viz,

wW=vf(y)—o

in addition to the conditions.

dx  dy
.&W_.l dit s
dx  Jy

—i.e., pure shearing strain, which cannot be expected to arise in cases
like this. : ;
As will be seen from the result of the solution arrived at by the author,

g Nedgp | A Ta® cos 20
2 p(3n+2p)  p(3)+2p) '
20 £ REPT ram,.h.%. sin 26

 p(3nt2p) ¥

# Philssophical Magasine, Series V., vol. xxxii.
+ London Mathematical Society’s Proceedings, vol. xxxi.
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Thus, neither the dilatation nor the rotation vanishes. Hence even the
fundamental conditions assumed in the stream - line analogue are not ful-

filled.

Moreover, some engineers seem to believe that the relative closeness of
stress - lines would be the direct and quantitative indication of the stress
intensity. The values of the principal stresses, of course, can be found if
the lines of principal stress are completely determined. But their close-
ness is not the quantitative indication of the stress. This can easily be

shown as follows :(—

The stress equations of equilibrium referred to the lines of principal

stress as curvilinear co ordinates are ;: —

\M.F%W.mlwm.u + N,ws =0,

7\ &y

bh\hnlmw.ﬂ.;?“ v.\f N,wm= 0.
h\wq mm_

where N, and N, are principal stresses in the directions of the tangents to
the € and 7 curves respectively ; oy and wy are the curvatures of § and 7

curves respectively,

(£
dx ay

auh aﬁﬁ A & v
dx dy

and

If the closeness of one set of stress-lines (say &) indicates the stress,

the £ tube of stress must transmit constant tension or compression,
which case

and then we have

m

N,w5=o0, ;

Hence, in order to fulfil the supposed condition, either N, or the curva-
ture of the & curves must vanish. Thus, only in the case in which the
other principal stress vanishes, or where the stress-line is straight, is the
assumption valid.

Lastly, however theoretically absured it may be, it will be interesting to
make a comparison of the two results—namely, the result arrived a
under the assumption that the stress-lines and stream-lines would be coin-

cident and that their closeness indicates the stress, and that obtained by
the mathematical solution,

For flow in a plane of an infinite extent, having a circular cylinder

| perpendicular to the plane, the stream function is

|
&n .

Asﬂxm%l, v m_:m,

>

Therefore the closeness of 4 at the points in the periphery of the cylin-
der where it is cut by the transverse section through the centre of the
cylinder is

_ m 2y v H_xﬁ_ + q.w.wlv,mm: f =23

A [d
|

and the same at an infinite distance is

Twﬁ =i
ar T

)=

e
r==w
Thus the closeness at the above-mentioned point is twice the average

| closeness, whereas the maximum longitudinal stress at the same point as
found by a mathematical solution is thrice the mean tensile stress.
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““We take advantage of the identity of mathematical conditions in St
Venant’s torsion problem, and a hydrokinetic problem first solved a few
years earlier by Stokes, to give the following statement, ......

“ Conceive a liquid of density n completely filling a closed infinitely
light prismatic box of the same shape within as the given elastic prism
and of length unity, and let a couple be applied to the box in a plane
perpendicular to its length. The effective moment of inertia of the
liquid will be equal to the correction by which the torsional rigidity of
the elastic prism calculated by the false extension of Conlomb’s law
must be dintfinished to give the true torsional rigidity.

« Further, the actual shear of the solid, in any infinitely thin plate of
it between two normal sections, will at each point be, when reckoned
as a differential sliding parallel to their planes, equal to and in the same
direction as the velocity of the liquid relatively to the containing box ™

=2l o] (R EATWTRAD (T WER [~— L At
2B D= ]

“ The problem of fluid motion in a rotating cylindrical case is to a

certain extent mathematically identical with that of the torsion of a

uniform rod or bar......
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