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General Expression for Stress Components

in Two-dimensional Problems of Elasticity.
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General Expression for Stress-Components in Two-Dimensional

Probiems of Elasticity.

By

Semex YoxorTa.

1. In problems of elasticity, boundary conditions are generally given in tevms of displacement
components, stress components, or both displacement and stress components. When solving a problem, the

usual method followed in the case of a plane stress is to consider
(A+2p) d+i2 pa,

where A=dilatation in the plane of stress, d=mean rotation, i=+/ -1, NHHMM»%_, and 1 and p are Lamé’s
constants, to be a function of @ +iy, = and y heing the rectangular 86&&5&% in the plane of stress.
The displacoment components are then expressed in real quantities by a certain system of co-ordinates, which
is to be selected to suit the nature of the problem at hand. The arbitrary constants which these expressions
contain are lastly determined to fit given boundary conditions.

If, however, instead of expressing the displacement components and hence stress components by a
special system of co-ordinates, we leave them in the general form, the solution of a problem may sometimes

be obtained in a very simple way. Putting
@ rin=[{0+2)A+i2p8}d@+iy) (1)

where in this and in what follows A is A, of the above, we have, for the displacements # and v» in the a-

& = : <
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and y- directions respectively,

ﬁmw %Téi L T %%%é?&.

=57 wmi: T_é I% y %TE % .@?i,

where % denotes the real part, and & the imaginary part divided by 4, of the function directly following them,
a=x+iy and ¢(z) is an arbitrary function of 2. Therefore, if ¢(z) and ¢(z) denote two arbitrary functions

of =z,

.»w \g.
e+§nt .wT&l i&%i&&. @
2 p C2p

We may remark here that, if @ and 97 ave the tangential and the normal displacoments expressed in

any system of orthogonal co-ordinates, we have always
i P=cX(v+iu), (3)

where y is the angle which the external normal to a co-ordinate curve, passing through the point under
consideration, makes with the positive axis of », and ¢ denotes the base of the natural logarithm.

Differentiating (2) with respect to @ and y separately, dividing the former by ¢ and sublracting the

latter from it member by member, wo have

@ml@ﬁi_mmw ..rmwvl i e B s e

55 3y i 5 "oy @'(z) + 7 “iy e (2)—i 2 JI(2),

Therefore, .
X,—Y,—i2X,=-2p¢(R)+2A+piye" (@) —idpnd(z), 4

(1) AEH. Love, Math. Theory of Elast, 2nd Fdit, pp. 202-3.
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where X, and Y, are the tractive stress components in the x- and y- directions and X, is the corresponding
shearing strass.

The equation (4) together with
X+ Y, =2 A+p) Rl¢' (@) _ (®)

are the general expression for stress components in two-dimensional problems of elasticity.
We may write (4) and (5) in the form

i

X~ ¥,—i 2 X, =24y /() +£(%), @
X+ Y,=2 RLAE) | M

where fi(z) and fi(2) ave arbitrary functions of z. 'This latter form is convenient in treating problems whose
boundary eonditions ave given in terms of stress components only, as we shall see presently by examples.

It N and T denote the normal and the tangential stress components and S the corresponding shearing
stress in any system of orthogonal co-ordinates, we have

N-T—-i28=é¢*(X,—Y,—12 X,),
(6)
N+ T=X,+7,.
The relations (3) and (6) enable us to convert the displacement and the stress components expressed in
rectangnlar co-ordinates into any system of orthogonal co-ordinates, and vice versa.
2, To show the use of the general expression, let us first find the stress distribution in a hollow

circular eylinder under internal and external hydrostatic pressures.

Let p,, P, be the internal, and p,, P, the external, radius and pressure respoctively. The boundary

conditions being given in terms of stress components only, we have to use the equations (4)" and (5)".
From the nature of the problem, the stress components must be independent of the angle ¢, if we take
the origin of the polar co-ordinates z=r¢® at the centre of the cylinder, where e denotes the base of the

& B <P
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natural logarithm. Denoting ¢? by ¢, we have
N—-T—-128=¢ {r(q@—q)A @+,
N+ T=2 R /()]

A
A

Since N, T, and S are independent of ¢, fi(z) must be a complex constant. Therefore, put

.\Amu =0y,
Si'(®=0,

where @, and b, are arbitrary complex constants.

The boundary conditions are :
when r=p,: N=-P;, §=0;

when r=p,: N=-PF,, §=0.

Inserting the relations (b)) and (¢) in (), we have

—P—T=2, _ P+ T=2 P(a);
&
—P—Ti=, P10 Rla);

e

@)

()

where 7 and T, are the tangential tractive stresses at the internal and external boundaries respectively.

Eliminating 7} and 7%, between these relations, we find at onca
P,pt—P,p)t I ”Iwhobw__o.“u m.muhl..ﬁunv
2 2

E

Rla]= s
P li_a.p. P i
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Therefore,

N-T-igg=—20lp!(Pi-P)
pi—pit

1
T a?
.wau

N+T= 2 (P, __cw —P, p; J >
pi—=pi
that is to sy,

Md.”'.%__o; @]HVMUHL.Q mu_. H.....; .NL,__\\P_P|_Q~V

(2 42) s (48 e .
§=0,

This is the solution of our present problem. We may further proceed to apply the general expression
in the intercsting problem of gun ecoustruction, where the boundary conditions are given in terms of both
displacement and stress components. Bat, as timas presses, we must leave this at present and ocet on to a

k s 3

second example. B
3. To find the stress distribution in a plate with a eireular hole, under the constant stresses X, =X,
Y,=Y, X,=Z at a great distance from the hole, and under a constant hydrostatic pressure P inside the hole.

Take the origin at the centre of the hole, and use the polar co-ordinates z=r¢®, Let p bo the radius
of the hole. The boundary conditions arve : ¥

when r=w: X,—¥,—12X =X—-Y—i2Z a constant;
X,+ Y,=X+ ¥, another constant; . 69)
when r=p: N=-—P, §=0.
The conditions (f) being given in terms of stress components, we have to use the eguations (4)' together

i pS KR
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with (5)' as before. By the symmetrical nature of the wuuoEm_F fi(z) and f3(z) must be even functions of =

Hence, from (f) we must have
Sfild)=a+a, 2%+ . ......0...., by the second condition ;
K € e o, SR (8)
Sda)=by+b, 27"+ 2+, . ...., by the first condition ;
where a, and b, are arbitrary complex constants.

Now let o, denote the conjugate constant of @, and let g=¢® as before. Then we have

2 RUAEN= o+ @)+ g+ T+ e
Therefore, from (5), (4)' and the conditions (f), when »=w,
X+ Y=(ap+ m&.
. ) R — wke s (h)
X—Y—1i2 Z=0,
When the real part of @, and the constant §, are determined by (h), the boundary conditions at r=co
are satisfied. We have still to satisfy the romaining conditions of (f) at the boundary of the hole.
(6) and (4), with (6) and (g), become, when r=p,

—~P+T={a, +a)+ Iunwﬁ.axm.m._,mﬁmdi_............: G)
e 2 g A
—P—-T=q Tmmlm uvmlwnu > _I......v+9+e&$+@_ |_a|.,+......

(k)
e m_ﬁl.wgu ,@I. ma«uv -2
Iw_um,Awﬂ |.%v+mé+|n“ BN deviwan
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Adding (j) and (k) together member by member, we have

—2P=— A@i‘ vm +:mo+mav+1wm.ﬁ .Imauvwx_.lw.ﬁ.wm.nﬂ,m@hvn-unv T e e
3 i . P g
This relation must hold irrespective of the value of g. Therefore, remembering the relations (h), putting the
coefficients of the different powers of ¢ and the absolute term separately equal to zero, we get
=—p (X—Y+1227),
b=—2 0 (X—TY+122)~ (X+ TY+2P), Litoserieencosnsasonnes (m)
b=3p" (X—-Y+127Z).
If the coefficients have the values defined by (h) and (m), the boundary conditions ave all satisfied.
Hence we may put all other coefficients in the series fi(z) and fy(z) equal to zero. The imaginary part of a’

is so far arbifrary and may be pubt equal to zero also. Therefore,

N—T—i28= Tm alwmv@ Tif mwvt@ A V&TT&tvaﬂ
N4 T= WAH Y—i9 &%AH-T L.& m‘_. ?ﬁ H\twmvn,m
- 5
that is to say,

Ne-tipp Ll M v Lt B *Miuw.acww?rwmmﬁwm“
7 72 s :

7 2 2
HHMW.H.TWAH _m.vmum._. NVEW.AH Twcv:uﬂlﬁvgmwm.fmsmmmwwmf (n)
MMIWTIWX wwxﬁmi&mﬁw 02 Zcos20}.

When Z=P=0 and X or Y=0, the result reduces to the case solved by Kirsch, Fosppl and Suyehiro
g @ 0= 3
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and verified experimentally by Coker. We are going to use a particular ease of this result when X=¥=2
=0 but P==0 in the next example.

4, As a third example, if the hole of the plate above considered be fillsd with a plug of different
material with suflicient initial radial pressure p, in order to secure the condition that the plug and the plate

i

" ghall remain in eoutact along the whols periphery of the hole after the application of the stresses at a great

distance from the hole, the stress distribution may be found as follows,

The application of the initial pressure P is necessary, because the solution with no initial radial
pressure involves a considerablo radial tension in a parb of the periphery of the hole and, as the surfaces of
contact cannot support tension, they must ssparate, unless they are connected together by a bundle of wire o
ribbon, so that their vadial displacements shall be equal while transmitting no shear. The separation of a
part of the boundaries initially in contact causes an entively different distribution of stress from that obtained
under the assumption that the radial displacements of the plug and the plate at the periphery of the hole are

This we will see divectly.

equal.
Suppose the tangential effect at the boundary of the hole to be ‘meglected. Then the boundary

conditions at the hole ave:
whiotl =g (W NN BBl ctiiind vamwicsnimins ()

in whieh and in what follows the letters withont dashes refer to the plate and those with dashes to the plug.
This assumption of the boundary conditions is due to my colleagne Suyehiro. The boundary conditions, in
this case, being given in terms of both displacement and stress components, we have to use the equations (2)
(4) and (5).

As in the preceding example, ¢'(z) and ¢'(z) must be even functions of z. Therefore, we may put for
the displacements of the plate,

[A43 p

Nniﬁnm_.

5 o=y v e @
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where

eR)=aqyz b .77 (D) =ay —ay 2% P(2)=byz+D 2" 4By 23
Hence, when r=p,

.mf:@.fmaau,__.? ..ﬂiac_e erwE ﬁ.wfa ,._“ww_. “
U|||I||.|.I|.. +
4 4pp wh.,. + & 4pp 2 30 5

-+ eohjugate funetion,.............

fHs s EEBES EEs e sE B eV

Also, from (4) and (5), for the stress components of the plate,

Wi A p R (A +2 ..b?.rfn? I*EL’A».T\“V a_+,._“h@a+ mwm?wmu e

2 2 p? o 2 0 P

+ conjugate function,

_t(A42pa; _ pb (ipa,  i(A+2 3 1y Bp ?* 3
ialh AL — N, it T el e R
2 p p* A 2 2 p° 1% o 4
~+conjugate funetion. /

For the plug, we may put

()=t ¢R)=c+3qd ¢E)=dyzt+d 2
Hence

I.n.?a _ .Nﬂo.h u. ibi Nep® %mww 4
i : o2 ¢ +{" Al AR

+ conjugate .m_.E_oSoP

for the normal displacement of the plug. Tts stress components are

N=C ot yiya) ¢+ {20l i d o) gt

+ eonjugate function,

i O RN

)

(s)

(t)

(w)

™)

()
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A= 1 + 5 .a mi.m&.;.lll.llm +mh &wam

+conjugate function.

Using the expressions (s) (t) (v) and (w) in the conditions (p) and equating the coefficients of the
different powers of ¢ and the absolute term separately to zero, we get three real and five complex equations’
These with the conditional equations at »=co, constitute four real and six complex equations of condition to
determine the nine complex constants @, @, by, by, b., ¢, ¢, dy and dy. Hence, two more conditions being
arbitrary, we may pub ¢, and ¢, equal to real constants.

Solving these equations and inserting the values of the constants thus obtained in the general expres-
sion, we find for the plate,

N-r-i2§=(X=T-i2 Z)p+ L {1 1124 L7 (x+7)
A4 p Mip+pl o®
e eresdu(eenys

NX=Y+i22) ¢

o —3pu ?f@? a+m3+: ?i@

N+ T=X+ le AI,_QV 1 .;? A+3 x Q_ + uv ¢| ﬁmk Y—i2 & .?ml wi.w Nv m-.@.

where K=p(d+p) QX 4+3 )+ (W +4) @A+54);

that is to say,

MQLI& T

flf Y) d
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Qfgzmmwfg‘vé‘mfkvﬁm ,

5 ? VAmH+wav+hmM+&¥.¢|ﬂ .TM Y) cos 2 m._.wNmemh. | :

= Wlw \._,.H? AHI »hﬁmﬂhvﬁu_ﬁw e
8

rﬁ L3 ¢ io??& o)+ (x +.n¥ £ ﬁmw_r&aomm?qwmabwa_

2K
w Tlmnv T+ M...M %;r @ Am ¥+3 Rvim? + ax m,”_ *AN.. J §in 26— 2 Z cos 2 L.

/

For the plug,

N -T2 @HMHWI_. AH ‘T?Hv A»._.m_:v AH . w.
TMHHV.QMW,‘.AMHWMNV AH.T Hav._. mmmh. A_R ;_JQHVAI.M rvwvl ?.NI Y—12 Nva < ANF Y4+i2 Nv “_

that is to say,

?1 7—i2 ,Nv 7

N'+T'=

N—_ (¥ + ) (A2 )
2 (A+p) (M4 p' + 1)
g ) (A+2p)

2(+p) W+ + 1)

8= rm% ?i& ?.Tw ) T..Wv {(X-¥)sin20-2 705 20].

(x5

?? Hv|

Qhﬁav OE.@ xw: H\v c0s 2 042 Zsin 2 m%

(o) 1420

27

_0

v: — vnomwm.memmbmm% L (&)

/

This (x) and (y) are the solution so far as the boundary conditions (p) and those at infinity ave

concerned. But these conditions do not imply the practical consideration that the radial stress along the

i i 2
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periphery of the hole must be compressive or utmost zero. To see what occurs at the boundary, let us

examine the simpler case where the materials of the plate and the plug are the same.

(y) become

MI, V.FN. Hxv.ucam marwuwm:pwi

W*
2

S |WT|ﬂUT+w - Z? &Ew_% wmsmwi

XTN Hﬂv%mmfm Zsin 2 i

?cﬂ HQ +m ?N} Hv cos20+2 Zsin 2 i.

A Hv m wuv?w‘:&@m;&&azmﬁ.

mﬁnlm.Timwv?k wv,émm Nwoa *

Let us further suppose X=Z=0. Then (z)’ and (y)' again simplify into

e ply. Tiﬁfivemm&.
2 ~ g g
=1 {1+ (142 ") cos 2},
.cN Mm; *
9 2
g=1 H\T[mlv H+wa,v§w g;
N _w.u ma.n

.%n.ﬂ_w H\T}W 0082 @.

In this case, (z) and

! (="
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i

po b aele o8 f5 2E |
r=2 v+ (1 alv cos 2 61,
3

7= ¥ (1-2)sin20.
4 %

@v ]

"-—.—-——ns,-

The equatious {x)" were first obtained by Suyehiro.®

The maximum value of the radial tension at the periphery of the hole is 5/4 Y and oceurs when
mﬂm. and .mwﬁ. To avoid this, we may give an initial constant radial pressure to both the plate and the
plug at the boundary of the hole. For this purpose, put py=p, py=ow, P,=P, P,=0 in the equations .@. or
X=Y¥Y=27=0 in (n). We get

N=-L p, =L p g-o0,
7= 72

Add these values to the corresponding members of (2)".
For the plug, put pi=p, m=0, P,=P, in (e). /e have
N'= |.‘~O.. T — :f‘muu §t=0.

Add these to the corresponding members of (). The value of P must be greater than 5/4 Y.
Though this solution is rather artificial, the boundary conditions are thereby satisfied; hence we may

3

take this as the permissible solution.
When P=5/4 Y, (x)” become after the application of the initial radial pressure,

3

”ln_ll ﬁﬁﬂ'@im'AHIRITW\WV chmw m_(_

2 244 R g_
1 5 ot 3 9 al 1

= MY.T...._. A AH. 28 30 s20, ¥
9 9 12 + t 2 g.»v CO5 “. ﬁ@ ]

(") ERATEF LRSS FMIRCKEZ AL A) p. 62
i it £ R



£ b e B, % Th B

b

b =

The tangential stress 77 of the plate is a masimum at the periphery of the hole who #=0 or =, and
its value iz 3 V. A further reason, that the above result ought to be valid and practical, will be given aftcr

S= M M\T

we have solved the following lemma.

8. To find the stress distribution in a plate with a circular hole, under the normal pressure P cos® ¢
along the periphery of the hole, where P is a constant and 6 is the angular co-ordinate in the polar

co-ordinates z=7¢®, the origin being at the centrs of the hole. Tt p denote the radins of the hole. Then

the boundary conditions ave :

when r=p:

Using the equations (4), and (5)' and the relations (6), and putting

we find, alter the delermination

that is to say,

N=

2 _mvlu AHI m_c.”v sin 2 6.

7 27

"
5

~

T + 008 2 _&. S=0.

.\mmmw =0y _Nlm. .\R»ﬁmv = m\_.__ z? 4+ mk Ni.h..

N—T—i28=—.

of the constants as in the foregoing examples,

52 s (1-5))

A N+ T= lw___m. .&vhalmv.
2
PG 5 I N e S|
= 5,7 _H | AL ‘.,.,\ ﬁcvmm_;
m._H.Hm_,... :Im cos 2 Q__ﬁ

()

)
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Now, to return to the problem of the foregoing paragraph, put X=Z=P=0 in (n), which corresponds
to the ease where a plate with an open cirenlar hole is subjected to a constant tension ¥ in the y- direction.

We have,

.Pﬂ”...ub Mwm._, ILQHV *M |AH rum.__,_c“_v ¢os 2 ﬁL_..
n.v,. e s i
1
2

- L+ ] |
et “ g __...w +T. B ._ﬁ....v cos 2 # __? L (n)’

Superpose on this the component stresses (b') just obtained, putting P=3Y/2 in them. The result
thus arrived ab is identical with the equations (x)'’, which denote the distribution of stress in a plate with a
cirenlar hole filled with a plug with initial radial pressure 5Y /4, and subjected to a constant tension Y in the
y- direction.

Hence the stress distribution in this last case is the same as that in the plate with an open hole
withont plug but with the radial pressuwre defined by (a') distributed zlong the periphery of the hole. This
distribution of the pressure at the hole is, by no means, unreasonable, if we imagine the practical effect the
plug in the hole would produce under the tractive stress Y in the g- direction.

Again, taking up the equations (b'), we see that the tangential tension 7' at the periphery of the hole
ig zero when #=0 or m. Therefore, the addition of the stress distribution defined by (a’) at the periphery of
the open hole has no effect on the value of 7" at these points of the boundary.

Now, suppose a very loose ecirenlar plug to be inserted in the open hole of a plate under the constant
tension ¥ in the y- divection. The plug may be so loose that it just touches the plate at the two points =0
and 7= only. The tension 7 of the plate at these points are then 83Y. [The case (n)'.]

Let us inerease the tightness of the plug gradually, or, in other words, increase its diameter gradually.

i = KRR
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The part of the boundaries of ﬁw_m plate and the plug which comes into contact will continue to increase, while
the tension 7' of the plate at 7=p, #=0 or 7 might be increasing or decreasing in a continuous manner.

At last, when the diameter of the plug is just large enough to make it contact with the- plate
throughout the whole periphery of the boundary, the condition of (x)”’ is reached, and the tension of the
plate at the points under consideration is still 3Y. - [The case (x)".]

If, then, the tension 7" at the points under consideration be always increasing or decreasing during the
gradual increase of the diameter of the plug, it must retain the constant value 3V throughout the whole stage.

On the other hand, if until some stage it tends in one direction and then in mbc_uran. its valne during
the intermediate stage cannot be a constant.

But, in an elastic system in general, a gradul change of displacoment in one sense causes a correspond-
ing gradual change of stress in the same sense.

Therefore, all things considered, I am rather inclined to conclude that the maximum tangential tension
7 at the periphery of the hole of a plate under a constant tension Y at infinity is a constant, whether the
holo be open or be filled with a circular plug of the same material as the plate and of any tightness, provided
that the initial radial pressure does not exceed 5Y/4, and its value is 8V,

Experimental result recently published by Coker ssems to support this view.
Rewritten Jan. 6, 1915,
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